Abstract: Let E be an elliptic curve of rank rk(E) ≥ 0, and let E(F p ) be the elliptic group of order #E(F p ) = n.
Introduction
The applications of elliptic curves in cryptography demands elliptic groups of certain orders n = #E(F p ), and certain factorizations of the integers n. The extreme cases have groups of F p -rational points E(F p ) of prime orders, and small multiples of large primes. Conjecture 1.1 (Koblitz) . Let E : f (X, Y ) = 0 be an elliptic curve of of discriminant ∆ = 0 defined over the integers Z which is not Q-isogenous to a curve with nontrivial Q-torsion and does not have CM. Then, π(x, E) = #{p ≤ x : p |∆ and #E(F p ) = prime} (1)
for large x ≥ 1.
The product expression appearing in the above formula is basically the average density of prime orders, some additional details are given in Section 7. A result for groups of prime orders generated by primitive points is proved here. Let π(x, E) = #{p ≤ x : p |∆ and d
The parameter d E ≥ 1 is a small integer defined in Section 6. Theorem 1.1. Let E : f (X, Y ) = 0 be an elliptic curve over the rational numbers Q of rank rk(E(Q) > 0. Then, as x → ∞,
where δ(d E , E) is the density constant.
The proof of this result is split into several parts. The next sections are intermediate results. The proof of Theorem 1.1 is assembled in the penultimate section, and the last section has examples of elliptic curves with infinitely many elliptic groups E(F p ) of prime orders n.
2 Representation of the Characteristic Function
Primitive Points Tests
For a prime p ≥ 2, the group of points on an elliptic curve E : y 2 = f (x) is denoted by E(F p ). Several definitions and elementary properties of elliptic curves and the n-division polynomial ψ n (x, y) are sketched in Chapter 14.
Definition 2.1. The order min{k ∈ N : kP = O} of an elliptic point is denoted by ord E (P ). A point is a primitive point if and only if ord E (P ) = n.
Lemma 2.1. If E(F p ) is a cyclic group, then it contains a primitive point P ∈ E(F p ).
Proof. By hypothesis, E(F p ) ∼ = Z/nZ, and the additive group Z/nZ contains ϕ(n) ≥ 1 generators (primitive roots).
More generally, there is map into a cyclic group E(Q)/E(Q) tors −→ Z/mZ,
for some m = #E(F p )/d, with d ≥ 1; and the same result stated in the Lemma holds in the smaller cyclic group Z/mZ ⊂ Z/nZ. Lemma 2.2. Let #E(F p ) = n and let P ∈ E(F p ). Then, P is a primitive point if and only if (n/q)P = O for all prime divisors q | n.
Basically, this is the classical Lucas-Lehmer primitive root test applied to the group of points E(F p ). Another primitive point test intrinsic to elliptic curves is the n-division polynomial test.
Lemma 2.3. (n-Division primitive point test)
Let #E(F p ) = n and let P ∈ E(F p ). Then, P is a primitive point if and only if ψ n/q (P ) = 0 for all prime divisors q | n.
The basic proof stems from the division polynomial relation
see [28, Proposition 1.25] . The elliptic primitive point test calculations in the penultimate lemma takes place in the set of integer pairs Z × Z, while the calculations for the n-division polynomial primitive point test takes place over the set of integers Z. The elementary properties of the ndivision polynomials are discussed in [28] , and the periodic property of the n-division polynomials appears in [26] .
Additive Elliptic Character
The discrete logarithm function, with respect to the fixed primitive point T , maps the group of points into a cyclic group. The diagram below specifies the basic assignments.
In view of these information, an important character on the group of E(F p )-rational points can be specified.
Definition 2.2.
A nontrivial additive elliptic character χ mod n on the group E(F p ) is defined by
and
where log T (mT ) = m with m ∈ Z.
Divisors Dependent Characteristic Function
A characteristic function for primitive points on elliptic curve is described in the [27, p. 5]; it was used there to derive a primitive point search algorithm.
Lemma 2.4. Let E be a nonsingular elliptic curve, and let E(F p ) be its group of points of cardinality n = #E(F p ). Let χ be the additive character of order d modulo d, and assume P = (x 0 , y 0 ) is a point on the curve. Then,
Divisors Free Characteristic Function
A new divisors-free representation of the characteristic function of elliptic primitive points is developed here. This representation can overcomes some of the limitations of its equivalent in 2.4 in certain applications. The divisors representation of the characteristic function of elliptic primitive points, Lemma 2.4, detects the order ord E (P ) of the point P ∈ E(F p ) by means of the divisors of the order n = #E(F p ). In contrast, the divisors-free representation of the characteristic function, Lemma 2.5, detects the order ord E (P ) ≥ 1 of a point P ∈ E(F p ) by means of the solutions of the equation mT − P = O, where P, T ∈ E(F p ) are fixed points, O is the identity point, and m is a variable such that 0 ≤ m ≤ n − 1, and gcd(m, n) = 1.
Lemma 2.5. Let p ≥ 2 be a prime, and let T be a primitive point in E(F p ). For a nonzero point P ∈ E(F p ) of order n the following hold: If χ = 1 is a nonprincipal additive elliptic character of order ord χ = n, then
where n = #E(F p ) is the order of the rational group of points.
Proof. As the index m ≥ 1 ranges over the integers relatively prime to n, the element mT ∈ E(F p ) ranges over the elliptic primitive points. Ergo, the linear equation
where P, T ∈ E(F p ) are fixed points, O is the identity point, and m is a variable such that 0 ≤ m ≤ n − 1, and gcd(m, n) = 1, has a solution if and only if the fixed point P ∈ E(F p ) is an elliptic primitive point. Next, replace χ(t) = e i2πt/n to obtain
This follows from the geometric series identity 0≤k≤N −1 w k = (w N − 1)/(w − 1) with w = 1, applied to the inner sum.
Primes In Short Intervals
There are many unconditional results for the existence of primes in short intervals [x, x + y] of subsquareroot length y ≤ x 1/2 for almost all large numbers x ≥ 1. One of the earliest appears to be the Selberg result for y = x 19/77 with x ≤ X and O X(log X) 2 exceptions, see [24, Theorem 4] . Recent improvements based on different analytic methods are given in [32] , [10] , et alii. One of these results, but not the best, has the following claim. This result involves the weighted prime indicator function (vonMangoldt), which is defined by
where p k , k ≥ 1 is a prime power. 
Proof. Based on zero density theorems, ibidem, p. 190.
An introduction to zero density theorems and its application to primes in short intervals is given in [16, p. 98] , [12, p. 264 ], et cetera.
The same result works for larger intervals [x − x θ+ε , x], where θ ∈ (1/6, 1/2) and (1 − θ)C < 2, with exceptions O X(log X) C−1 , C > 1.
Evaluation Of The Main Term
A lower bound for the main term M (x) in the proof of Theorem 1.1 is evaluated here.
Lemma 4.1. Let x ≥ 1 be a large number, and let p ∈ [x, 2x] be prime. Then,
Proof. The main term can be rewritten in the form
The Euler phi function ϕ(n) = #{1 ≤ m < n : gcd(m, n) = 1}, and it has the value ϕ(n)/n = 1 − 1/n at a prime argument n. Thus, the expression
is supported on the set of prim powers n = p m , m ≥ 1. Consequently,
since 1 − 1/n ≥ 2. Now observe that as the prime p ∈ [x, 2x] varies, the number of intervals
is the same as the number of primes in the interval [x, 2x], namely,
for large x ≥ 1. By Theorem 3.1, the finite sum over the short interval satisfies
with O x log −C x exceptions p ∈ [x, 2x], where 1 < C < 4. Take C > 2, then, the number of exceptions is small in comparison to the number of intervals π(2x) − π(x) > x/2 log x for large x ≥ 1. Hence, an application of this Theorem yields
where all the errors terms are absorbed into one term.
This shortfalls is accounted for in the correction term
where C > 2, in the previous calculation.
Estimate For The Error Term
The analysis of an upper bound for the error term E(x), which occurs in the proof of Theorem 1.1, is split into two parts. The first part in Lemma 5.1 is an estimate for the triple inner sum. And the final upper bound is assembled in Lemma 5.2.
Lemma 5.1. Let E be a nonsingular elliptic curve over rational number, let P ∈ E(Q) be a point of infinite order. Let x ≥ 1 be a large number. For each prime p ≥ 3, fix a primitive point T , and suppose that P ∈ E(F p ) is not a primitive point for all primes p ≥ 2, then
Proof. Let log T : E(F p ) → Z n be the discrete logarithm function with respect to the fixed primitive point T , defined by log T (mT ) = m, log T (P ) = k, and log T (O) = 0. Then, the nontrivial additive character evaluates to
respectively. To derive a sharp upper bound, rearrange the inner double sum as a product
The hypothesis mT − P = O for m ≥ 1 such that gcd(m, n) = 1 implies that the two inner sums in (27) are complete geometric series, except for the terms for m = 0 and r = 0. Moreover, since n ≥ 2 is a prime, the two geometric sums have the exact evaluations
for 1 ≤ k < n, and 1 ≤ r < n respectively.
Remark 5.1. The evaluation of the finite sum U n = U n (k) = −1 is independnet of k ≥ 1 because n ≥ 2 is prime and 1 ≤ k < n. Similarly, the evaluation of the finite sum V n = V n (r) = −1 is independnet of r ≥ 1 because n ≥ 2 is prime and 1 ≤ r < n.
Therefore, it reduces to
The last line uses the finite sum n≤x Λ(n)/n ≪ log x, refer to [23, Theorem 2.7] for additional information.
Lemma 5.2. Let E be a nonsingular elliptic curve over rational number, let P ∈ E(Q) be a point of infinite order. For each large prime p ≥ 3, fix a primitive point T , and suppose that P ∈ E(F p ) is not a primitive point for all primes p ≥ 2, then
Proof. By assumption P ∈ E(F p ) is not a primitive point. Hence, the linear equation mT − P = O has no solution m ∈ {m : gcd(m, n) = 1}. This implies that the discrete logarithm log T (mT − P ) = 0, and 1≤r<n χ((mT − P )r) = −1. This in turns yields
Here, the inequality (1/n) gcd(m,n)=1 1 = ϕ(n)/n ≤ 1/2 for all integers n ≥ 1 was used in the second line. Hence, there is a nontrivial upper bound for the error term. To derive a sharper upper bound, take absolute value, and apply Lemma 5.1 to the inner triple sum to obtain this:
The last line uses the trivial estimate x≤p≤2x 1 ≤ x.
Elliptic Divisors
The divisor div(f ) = gcd(f (Z)) of a polynomial f (x) is the greatest common divisor of all its values over the integers, confer [7, p. 395] . Basically, the same concept extents to the setting of elliptic groups of prime orders, but it is significantly more complex.
Definition 6.1. Let O K be the ring of integers of a quadratic numbers field K. The elliptic divisor is an integer d E ≥ 1 defined by
Considerable works, [3] , [22] , [11] , [14] , have gone into determining the elliptic divisors for certain classes of elliptic curves. 
Densities Expressions
The product expression appearing in Conjecture 1.1, id est,
is the basic the average density of prime orders, it was proved in [17] , and very recently other proofs are given in [1, Theorem 1 ], [15] , [21] , et alii. The actual density has a slight dependence on the elliptic curve E and the point P . The determination of the dependence is classified into several cases depending on the torsion groups E(Q) tors , and other parameters.
Lemma 7.1. ([30, Proposition 4.2])
. Let E : f (x, y) = 0 be a Serre curve over the rational numbers. Let D be the discriminant of the numbers field Q( √ ∆), where ∆ is the discriminant of any Weierstrass model of E over Q.
Elliptic Brun Constant
The upper bound
for elliptic curves with complex multiplication was proved in [3, Proposition 7] . The same upper bound for elliptic curves without complex multiplication was proved in [31, Theorem 1.3 ]. An improved version for all elliptic curves follows easily from methods used here.
Lemma 8.1. For any large number x ≥ 1 and any elliptic curves E : f (X, Y ) = 0 of discriminant ∆ = 0,
Proof. The number of such elliptic primitive primes has the asymptotic formula
where Ψ E (P ) is the charateritic function of primitive points P ∈ E(Q). This is obtained from the summation of the elliptic primitive primes density function over the interval [1, x] , see (49).
Since Ψ E (P ) = 0, 1, the previous equation has the upper bound
where q ranges over the primes in the short interval [p − 2 √ p, p + 2 √ p]. The inner sum is estimated using either the explicit formula or Brun-Titchmarsh theorem. The later result states that the number of primes p in the short interval [x, x + 4 √ x] satisfies the inequality
see [12, p. 167] , [23, Theorem 3.9] , and [29, p. 83] , and similar references. Replacing (39) into (39) yields
The last inequality follows by partial summation and the prime number theorem π(
This result facilitates the calculations of a new collection of constants associated with elliptic curves.
Corollary 8.1. For any elliptic curve E, the elliptic Brun constant
converges.
Proof. Use the prime counting measure π(x, E) ≤ 6x/ log 2 x+O(x/ log 3 x) in Lemma 8.1 to evaluate the infinite sum p≥2 #E(Fp)=prime
The elliptic Brun constants and the numerical data for the prime orders of a few elliptic curves were compiled. The last example shows the highest density of prime orders. Accorddingly, it has the largest constant. Table 2 : Prime Orders n = #E(F p ) modulo p for y 2 = x 3 + 6x − 2.
Example 8.1. The nonsingular Bachet elliptic curve E : y 2 = x 3 + 2 over the rational numbers has complex multiplication by Z[ρ], and nonzero rank rk(E) = 1. The data for p ≤ 1000 with prime orders n are listed on the Example 8.2. The nonsingular elliptic curve E : y 2 = x 3 + 6x − 2 over the rational numbers has no complex multiplication and zero rank rk(E) = 0. The data for p ≤ 1000 with prime orders n are listed on the Example 8.3. The nonsingular elliptic curve E : y 2 = x 3 − x over the rational numbers has complex multiplication by Z[ρ], and nonzero rank rk(E) = 0. The data for p ≤ 1000 with prime orders n/4 are listed on the Table 8 .3; and the elliptic Brun constant is
Example 8.4. The nonsingular elliptic curve E : y 2 = x 3 − x over the rational numbers has complex multiplication by Z[ρ], and nonzero rank rk(E) = 0. The data for p ≤ 1000 with prime orders n/8 are listed on the Table 4 : Prime Orders n/8 = #E(F p )/8 modulo p for y 2 = x 3 − x.
Example 8.5. The nonsingular Bachet elliptic curve E : y 2 = x 3 + 1 over the rational numbers has complex multiplication by Z[ρ], and nonzero rank rk(E) =?1. The data for p ≤ 1000 with prime orders n/12 are listed on the 
9 Prime Orders n The characteristic function for primitive points in the group of points E(F p ) of an elliptic curve E : f (X, Y ) = 0 has the representation Table 5 : Prime Orders n/12 = #E(F p )/12 modulo p for y 2 = x 3 + 1.
Applying Lemma 4.1 to the main term, and Lemma 5.2 to the error term yield
contradicts the hypothesis (50) for all large numbers x ≥ x 0 . Ergo, there are infinitely many primes p ≥ x such that a fixed elliptic curve of rank rk(E) > 0 with a primitive point P of infinite order, for which the corresponding groups E(F p ) have prime orders. Lastly, the number of such elliptic primitive primes has the asymptotic formula
which is obtained from the summation of the elliptic primitive primes density function over the interval [1, x] .
Examples Of Elliptic Curves
The densities of several elliptic curves have been computed by several authors. Extensive calculations for some specific densities are given in [30] .
Example 10.1. The nonsingular Bachet elliptic curve E : y 2 = x 3 + 2 over the rational numbers has complex multiplication by Z[ρ], and nonzero rank rk(E) = 1. It is listed as 1728.n4 in [20] . The numerical data shows that #E(F p ) = n is prime for at least one prime, see Table 8 .1. Hence, by Theorem 1.1, the corresponding group of F p -rational points #E(F p ) has prime orders n = #E(F p ) for infinitely many primes p ≥ 3.
Since ∆ = −2 6 ·3 3 , the discriminant of the quadratic field Q( √ ∆) is D = −3. Moreover, the integer divisor d E = 1 since #E(F p ) is prime for at least one prime. Thus, applying Lemma 7.1, gives the natural density
Invariant Value 
The predicted number of elliptic primes p ∤ 6N such that #E(F p ) is prime has the asymptotic formula
A lower bound for the counting function is
see Theorem 1.1.
The associated weight k = 2 cusp form, and L-function are
where q = e i2π , respectively. The coefficients are generated using a p = p + 1 − #E(F p ), and the formulas
The corresponding functional equation is
where N = 1728, see [18, p. 80 ].
Example 10.2. The nonsingular elliptic curve E : y 2 = x 3 + 6x − 2 over the rational numbers has no complex multiplication and zero rank, it is listed as 1728.w1 in [20] . The numerical data shows that #E(F p ) = n is prime for at least one prime, see Table 8 .2. Hence, by Theorem 1.1, the corresponding group of F p -rational points #E(F p ) has prime orders n = #E(F p ) for infinitely many primes p ≥ 3.
Since ∆ = −2 6 ·3 5 , the discriminant of the quadratic field Q( √ ∆) is D = −3. Moreover, the integer divisor d E = 1 since #E(F p ) is prime for at least one prime. Thus, applying Lemma 7.1, gives the natural density
A table for the prime counting function π(1, E), for 2 × 10 7 ≤ x ≤ 10 9 , and other information on this elliptic curve appears in [30] .
and where q = e i2π , respectively. The coefficients are generated using a p = p + 1 − #E(F p ), and the formulas 
Example 10.3. The nonsingular elliptic curve E : y 2 = x 3 − x over the rational numbers has complex multiplication by Z[i], and zero rank, it is listed as 32.a3 in [20] . The numerical data shows that #E(F p )/8 = n is prime for at least one prime, see (??). Hence, by Theorem 1.1, the corresponding group of F p -rational points #E(F p ) has prime orders n = #E(F p ) for infinitely many primes p ≥ 3.
Since ∆ = −2 6 , the discriminant of the quadratic field Q( √ ∆) is D = −4. Moreover, the integer divisor d E = 8 since #E(F p )/8 is prime for at least one prime, see Table 8 .4. Thus, Lemma 7.1 is not applicable. The natural density
where χ(n) = (−1) (n−1)/2 , is computed in [30, Lemma 7.1] . The predicted number of elliptic primes p ∤ 6N such that #E(F p ) is prime has the asymptotic formula π(x, E) = δ(8, E) 
A table for the prime counting function π(x, E), for 2 × 10 7 ≤ x ≤ 10 9 , and other information on this elliptic curve appears in [30] . A lower bound for the counting function is
The associated weight k = 2 cusp form, and L-function are f (s) = n≥1 a n q n = q + 2q 5 + q 7 + 2q 11 − q 13 − 6q 17 + 5q where q = e i2π , respectively. The coefficients are generated using a p = p + 1 − #E(F p ), and the formulas 1. a pq = a p a q if gcd(p, q) = 1;
2. a p n+1 = a p n a p − pa p n−1 if n ≥ 2. 
